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he supposition that Brownian motion follows Gaussian statistics is seldom tested experimentally. In fact, there are few
physical situations in which the statistics of displacement distribution can be measured directly. More often, one simply verifies
that mean-square displacement is proportional to time, which
defines a diffusion coefficient, D. However, a finite diffusion
coefficient does not necessarily stem from a Gaussian distribution, because D only holds information regarding second-order
cumulants but not the full probability distribution of displacements (1). Relaxation functions in Fourier space are also heavily
relied upon in experimental tests of theories that assume Gaussian statistics, but the limited signal-to-noise ratio in measuring
these quantities does not typically allow one to deduce distribution functions in real space with the large dynamic range
presented by the experiments described below. It is easy to show
formally that other zero-centered distributions than Gaussian, in
particular exponentially decaying probability distributions of
displacement amplitude, would also lead formally to meansquared displacement proportional to time.
Here, using single-particle tracking (2), we report the full
displacement probability during Brownian motion in 2 complex
liquid systems and conclude that the distribution of displacement
probability is exponential for large displacements, the variance
of the exponential being proportional to time. This is reminiscent
of the exponential rather than Gaussian displacement distributions that have been observed in glassy systems and in those
systems is believed to originate in activated hopping (3–6). The
point is 2-fold: first the finding that this is combined with Fickian
www.pnas.org兾cgi兾doi兾10.1073兾pnas.0903554106

diffusion, 具⌬r2典 ⬀ t, and second that the decay length of the
exponential, (t), grows with the square root of time, t. We also
compare with particle trajectories that are subdiffusive at the
earliest measurement times but Fickian at the longest measurement times, finding that the displacement probability distributions fall onto the same master curve for both regimes. The fact
that (t) ⬀ 公t is more generic than 具⌬r2典 ⬀ t is striking.
Beyond the 2 independent systems described in this article, in
which this pattern was observed by direct measurement, discussion at the end of this article leads us to anticipate that this
non-Gaussian diffusion may be common in other complex liquids
with slow environmental fluctuations whose wavelength exceeds
the size of the diffusing element.
Results
Colloidal Beads on Phospholipid Bilayer Tubes. Fig. 1 shows a

schematic diagram (Fig. 1 A) as colloidal particles were imaged
as they diffused on tracks composed of lipid bilayer tubes at
concentrations so low that they did not interact with one another.
A representative image is shown in supporting information (SI)
Fig. S1. The anionic particles adsorbed strongly to the zwitterionic lipid head groups (7), presumably owing to charge–dipole
attraction, and were observed to never leave the tubes although
they diffuse along them. Although tubes of various diameters
formed by using the preparation protocol, we analyzed only
those straight tubes with diameter of ⬇100 nm (estimated from
the colloid transverse vibration range) that lacked long-range
vibrations when they lay on the surface of the glass sample cell.
To exploit the simplicity of 1 dimension, the particle diameter
was kept the same as the tube diameter, ⬇100 nm, with the added
advantage that for this size, thermal fluctuation significantly
outweighed gravity, and the length scale of 100 nm exceeded that
of the lipid molecules and the particle roughness, allowing the
desired long-range motions to be abstracted. At the experimental temperature, 22–23 °C, these lipids were in the fluid phase.
An illustrative 1-dimensional trajectory is shown in Fig. S1. From
data of this kind, we calculated the ensemble-average meansquare displacement (MSD), 具⌬x2(t)典 ⫽ 具x(t) ⫺ x(0)2典, where
x is position and t time, and brackets denote averaging over
hundreds of trajectories. Fig. 1B (upper line) shows that MSD is
proportional to time over our observation time window—
classical Brownian motion.
The relation 具⌬x2(t)典 ⫽ 2Dt, where D is the translational
diffusion coefficient, implies D ⫽ 0.4 m2䡠s⫺1 for particles. This
value is strikingly fast, ⬇20% of the value in free dilute suspension, even though the viscosity of lipid bilayers is ⬇100 times
higher than the viscosity of bulk water, and the particles never
left the surface track. Exploring further, we compared our
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We describe experiments using single-particle tracking in which
mean-square displacement is simply proportional to time (Fickian),
yet the distribution of displacement probability is not Gaussian as
should be expected of a classical random walk but, instead, is
decidedly exponential for large displacements, the decay length of
the exponential being proportional to the square root of time. The
first example is when colloidal beads diffuse along linear phospholipid bilayer tubes whose radius is the same as that of the
beads. The second is when beads diffuse through entangled F-actin
networks, bead radius being less than one-fifth of the actin
network mesh size. We explore the relevance to dynamic heterogeneity in trajectory space, which has been extensively discussed
regarding glassy systems. Data for the second system might
suggest activated diffusion between pores in the entangled F-actin
networks, in the same spirit as activated diffusion and exponential
tails observed in glassy systems. But the first system shows
exceptionally rapid diffusion, nearly as rapid as for identical
colloids in free suspension, yet still displaying an exponential
probability distribution as in the second system. Thus, although the
exponential tail is reminiscent of glassy systems, in fact, these
dynamics are exceptionally rapid. We also compare with particle
trajectories that are at first subdiffusive but Fickian at the longest
measurement times, finding that displacement probability distributions fall onto the same master curve in both regimes. The need
is emphasized for experiments, theory, and computer simulation to
allow definitive interpretation of this simple and clean exponential
probability distribution.
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Fig. 2. Time evolution of exponential tails in displacement distribution. (A)
The decay length (t), plotted versus delay time on log–log scales, shows a
square-root power law. (B) Master curve obtained by normalizing the probability distribution by the square root of the time step, x ⫽ x(t)/公t, with delay
times ranging from 30 ms to 1 s. The solid line, a guide to the eye, shows
semilogarithmic behavior. The dotted line shows Gaussian behavior with the
same diffusion coefficient.

-1
-2
-3
-60

-2

λ

-2

1

-1

1

-1

1

2

log <x >/σ

2

10

1

0

B

A

log Gs(x
xλ ,t)

A

-30

0

x/σ

30

60

Fig. 1. The first system: Colloidal beads diffusing on lipid tubes. (A) Schematic representation of particles with diameter  ⫽ 100 nm, separated by
distances ⬎100 , diffusing on linear tubes of phospholipid bilayers. (B)
Mean-squared displacement, normalized by particle diameter squared, plotted against time on log–log scales for particles on lipid tubes composed of pure
DLPC bilayers (upper line) and tubes composed of DLPC bilayers containing
40% cholesterol (bottom line). The lines have slope of unity. (C) From the
analysis of hundreds of trajectories without statistical difference, the displacement probability distribution of particles on lipid tubes composed of pure
DLPC bilayers is plotted logarithmically against linear displacement normalized by particle diameter for several representative values of time step: 60 ms
(squares), 0.6 s (circles), 3 s (crosses), and 5.8 s (triangles).

experimental values with diffusion on solid-supported lipid
bilayers formed from the fusion of single unilamellar vesicles of
these same lipids (8) and found slower diffusion for bilayers, a
2-dimensional diffusion D ⫽ 0.01 m2䡠s⫺1, which agrees with
literature (9). Although it is true that diffusion on the supported
bilayer is expected to be slower than diffusion along the tubes
owing to friction from the solid substrate underneath, such
reduction is expected to be on the order of a factor of 2, the
amount that friction from the supporting substrate reduces
diffusion in supported bilayers compared with free-standing
giant unilamellar vesicles (10). The much larger difference in
diffusion observed is believed to result from coupling to thermal
fluctuation of the membrane. Such fluctuations without adsorbed particles have been studied both theoretically and experimentally (11,12). Although fluctuation in the presence of an
adsorbed particle might be perturbed, it is reasonable that
fluctuations continue to be significant, albeit perturbed, given
that particle adsorption can drastically deform membranes (13)
and disturb the Goldstone modes of lipid tubules (14).
In another control experiment, we mixed 40% cholesterol into
the tubes to stiffen and tighten them (15). The mean-squared
displacement remained Brownian but with smaller D, 0.012
m2䡠s⫺1 (Fig. 1B, lower line). This cannot be attributed to
viscosity change, because cholesterol increases viscosity by only
⬇20% (16). Noting that cholesterol largely suppresses membrane fluctuations, reducing their amplitude by an order of
magnitude, this further supports the hypothesis that membrane
fluctuations speed up diffusion. In other control experiments, we
also observed that adsorbed DNA displays enhanced diffusion,
enhanced by approximately the same factor as these rigid colloid
particles. The result seems generic.
From the analysis of hundreds of trajectories, the probability
distribution of particle displacement, Gs(x,t) ⫽ 具␦(x ⫺ xi(t) ⫺
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xi(0))典, where xi(t) denotes the projected position along the tube
of particle i at time t, are reported in Fig. 1C. Logarithmic Gs(x, t)
is plotted against displacement normalized by particle diameter,
, for particles diffusing on tubes of dilauroylphosphatidylcholine (DLPC), and the distribution was observed to decay linearly
on a semilog plot for observation times up to several seconds.
Phenomenologically,
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However, beyond t ⬇ 4 s, the exponential decay smoothly
reverted to Gaussian decay, becoming indistinguishable from
Gaussian decay within a couple of seconds. Although the
statistics change in this major qualitative way, the mean-square
displacement remains Fickian, with the same diffusion coefficient throughout.
The decay length (t) grows as the square root of the time over
which displacements are measured, (t) ⬀ 公t (Fig. 2A), which is
consistent with linear MSD. Consequently, the probability distributions collapse to form a master curve if normalized by (t)
(Fig. 2B). For comparison, Fig. 2B also shows the hypothetical
Gaussian distribution that would give this same proportionality
between mean-square displacement and elapsed time; one observes fewer small steps than in the Gaussian distribution and
more long steps, even though the implied diffusion coefficient is
the same. Finally, for the control experiment of diffusion on
stiffer tubes (tubes containing cholesterol), the probability distribution was simply Gaussian regardless of the time scale of the
step.
Colloidal Beads in Entangled Actin Suspensions. The schematic
diagram in Fig. 3A illustrates this system: transport of solute
particles (blue sphere) through the porous structure created by
surrounding entangled macromolecular filaments (gray) whose
translational diffusion is known from many studies of F-actin
networks to be slow relative to this transport. These are semiflexible filaments (17).
The trajectories of dilute nanoparticles were followed as they
diffused through entangled F-actin networks formed as described in SI Text (see Fig. S2). The filament lengths of 2–20 m
were comparable with the persistence length of ⬇15 m (17).
Potential nonspecific adsorption to actin was excluded by coating
the particles (f luorescent carboxylate-modified polystyrene
spheres) with BSA, a widely used blocking protein. The F-actin
concentration was kept sufficiently low that the networks remain
isotropic.
A pioneering study by Weitz and coworkers on a similar system
Wang et al.
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Fig. 3. The second system: Nanospheres diffusing in entangled actin. (A)
Schematic representation of particles diffusing in entangled actin networks.
The mesh size (average spacing between filaments) in nanometers can be
estimated as  ⫽ 300/公c, where c is actin concentration in milligrams/milliliter.
Their concentration is semidilute. The average particle–particle separation is
⬇10 m and their radius is a ⫽ 25–250 nm. (B) Mean-square displacement
(MSD) normalized by mesh size squared, plotted against time t on a log–log
scale for particles in entangled F-actin at conditions of a ⫽ 50 nm,  ⫽ 300 nm,
showing a slope of unity. (C) Corresponding displacement probability distributions Gs(r, t) plotted logarithmically against linear displacement for delay
time of 0.1 s. Here, Gs(r, t) can be fitted with a combination of a Gaussian at
small displacement and exponential at large displacement (solid line). In B, the
dashed line is MSD constructed according to the central Gaussian part in the
displacement distribution. In C, the dashed line shows a Gaussian distribution
with the same diffusion coefficient as for B.

analyzed patterns of subdiffusive behavior when the ratio of particle
size to mesh size was increased (18). Here, we focused on selected
values of particle radius (a) and mesh size (), such that displacement was Fickian over times as short as we could measure, as short
as 50 ms, and analyzed the full distribution of displacement probability instead. As an extension, we also examined the situation
where diffusion was subdiffusive for some window of observation
time but was Fickian in the long-time limit.
Strictly Fickian behavior was observed in the least-obstructed
systems and was illustrated for 2 cases, both of which are within
a/ ⬍ 0.15 (Fig. 3 and Fig. S3), to show the generality of Fickian
behavior when both particle size and mesh size were varied. For
Fickian diffusion, classically, one expects Gaussian decay,

冉

Gs(r, t)⬀ exp ⫺

冊

r2
,
4Dt

where D is the diffusion coefficient, and r(t) denotes the
2-dimensional projection of displacement in time t. This is
consistent with the data when the displacement is small, but for
larger displacements, the data are definitively exponential instead (Fig. 3C),
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r
.


One expects, in principle, the displacement distribution to
revert to Gaussian at sufficiently long times, but this was not
observed, perhaps because the system relaxation time estimated
from rheology measurements on similar F-actin networks
(⬎1,000 s) so much exceeds the time on which these experiments
were conducted (19). In fact, it was the opposite: The contribution of the central portion that could be fitted as Gaussian
Wang et al.

Fig. 4. Temporal evolution of the displacement probability distributions. (A)
Gs(r, t) for diffusion of particles with radius 100 nm in F-actin ( ⫽ 300 nm) at
delay time t: 1 s (circles), 5 s (triangles), and 20 s (crosses). (Inset) Master curve
obtained by normalizing the probability distribution by the square root of the
time step, r ⫽ r(t)/公t, with delay times ranging from 50 ms to 5 s. (B) Decay
lengths (t) defined in A are plotted against time on log–log scales. Experimental conditions are a ⫽ 50 nm,  ⫽ 300 nm (crosses); a ⫽ 100 nm,  ⫽ 450 nm
(triangles); and a ⫽ 100 nm,  ⫽ 300 nm (circles). Lines have slopes of 1/2. The
uncertainty in fitting is less than the symbol size.

decreased with time elapsed. Inspection shows that the crossover point from Gaussian to exponential occurs approximately
at the distance ( ⫺ 2a)/2, which is the average distance between
particle and filaments. When the distributions spread with
increasing observation time, this cross-over point did not. The
result is that the exponential parts took larger and larger portions
of the overall distribution. This then suggests that the exponential arises from interaction between particle and filaments,
although a molecular explanation is not the main subject of this
article. Furthermore, the dashed line in Fig. 3C shows the
hypothetical Gaussian distribution that would lead to the diffusion coefficients implied by the raw data in Fig. 3B. Just as for
the first system described in this article, in the observed probability distribution, one observes fewer small steps than in the
Gaussian distribution and more long steps, even though the
implied diffusion coefficient (D) is the same.
Also in common with the first system described in this article,
the temporal evolution of Gs(r, t) reveals that the exponential tail
spreads with time. In Fig. 4, the plot on log–log scales shows (t)
⬀ 公t over 2 orders of magnitude of t.
We now compare trajectories that span subdiffusive, crossover, and Fickian diffusion regimes (Fig. 4A, the system with
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Fig. 5. Exchange and persistence time distributions (circles and squares,
respectively) for particles diffusing (A) on lipid tubules and (B) in actin networks when a ⫽ 50 nm and  ⫽ 300 nm. The corresponding displacement
probability distributions are shown in Figs. 1– 4. Here, a cutoff displacement
length, d, which locates the peak of time distributions at the center of the
experimentally accessible time range and serves to define large-scale motions,
is defined as 0.5 m in A and 1 m in B. Similar results were obtained for d in
the range 0.1–5 m. The dashed line in B presents the exchange and persistence time distributions obtained from a simulated random walk with Gaussian statistics. The exchange and persistence time distributions are identical
and have narrower tails.
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a/ ⬇ 0.3). It is evident that the displacement distribution is
exponential in all 3 regimes and that the decay lengths of the
exponential collapse onto the same curve in Fig. 4B (circles).
Again, probability distributions collapse to form a master curve
when normalized by (t) (Fig. 4A Inset), showing universal
exponential tails and Gaussians disappearing with time. The fact
that (t) ⬀ 公t is more generic than 具⌬r2典 ⬀ t is striking.
Transition Probability Density. In the same spirit of comparing

mean-square displacement and the full displacement probability
functions, we measured conditional probability density, also
called transition probability density. From this analysis (SI Text,
and see Figs. S4 and S5), we conclude that although both systems
have zero-mean displacement correlation and Markovian characteristics, the transitional probability density presents heterogeneous and exponential behavior.
Discussion
We focus below on generic aspects of these observations but first
make some system-specific comments. For the first system
described here, colloids on lipid tubules, physically, one expects
slow entropic forces to promote diffusion because adsorption
perturbs spontaneous membrane fluctuations. For the second
system described here, colloids in actin networks, entropic forces
arise from coupling between these diffusing particles and transverse fluctuations of actin filaments. Considering that the presence of particles might modify the thermal fluctuation of the
environment as well, it is reasonable to speculate that these
phenomena have an intermittent nature consisting of a long
sequence of stochastic bursts resulting in a broad distribution of
time scales; analysis along these lines is presented in SI Text. The
main point is experimental: the ubiquitous observation of exponential tails.
Regarded just on its own, data for the second system might
suggest activated diffusion between pores in the entangled
F-actin networks, in the same spirit as activated diffusion and
exponential tails observed in glassy systems (3,4). But data for
the first system show diffusion nearly as rapid as for the same
colloids in free suspension. Although the exponential tail is
reminiscent of slow dynamics in a glassy system, in fact, these
dynamics are exceptionally rapid.
It is tempting to investigate these data in the framework of the
continuous-time random walk (CTRW) model, in the same spirit as
for glassy systems (3). An exponential-like displacement distribution was implied long ago (20) and also has been derived with
approximations for the situation where the transition rate is heterogeneous (3). It has been suggested as well that MSD can be
linear in time even when the central limit theorem is not satisfied
(21). To pursue this idea, from our raw data, we calculated the
‘‘persistence’’ and ‘‘exchange’’ time distributions (Fig. 5, SI Text, and
Fig. S6), introduced to characterize dynamic heterogeneity in
random walks (3, 22, 23). In the first system, the lipid tubule system,
decoupling of these 2 times can be observed (Fig. 5A), but in the
second system, the actin network system, these 2 distributions are
the same when the process is Fickian (Fig. 5B). For trajectories that
are subdiffusive at early times (Fig. S6), a slight decoupling is
observed. Taken together, these findings suggest that exponential
statistics is more general than the picture of CTRW models.
Interestingly, in all cases, the exchange and persistence time distributions have broader tails than those generated from simulated
random walks with Gaussian statistics. Moreover, comparing trajectories on different time scales (Fig. S2), intermittency disappears
on long time scales, but exponential tails persist. Most important of
all, calculations following this line of reasoning do not necessarily
reproduce the power law relation, (t) ⬀ 公t, which seems to be
universal in our observations.
This discrepancy led us to consider other similar models (Lévy
walker and dynamic disorder), which also are discussed in SI
4 of 5 兩 www.pnas.org兾cgi兾doi兾10.1073兾pnas.0903554106

Text. Taken together, the common difficulties in evaluating this
sort of model are 2-fold. First: how to legitimize on physical
grounds the fitting parameters? Second: how to rationalize that
the probability distribution function described not only slow
dynamics (the second system) but also enhanced diffusion (the
first system)?
Another line of explanation, attractive in its simplicity, is to
assume that the exponential tail of the probability distribution is
a series of Gaussian distributions with different variance. Then
the total can be written as G(x) ⫽ ¥p(x)(), where () is the
weight of the Gaussian distribution with given variance. Approximately, the sum can be performed by integration, which gives

冉 冊

G(x)⬃ exp ⫺

x
,


assuming that

共兲 ⬃ exp

冉 冊
⫺

2
.
t

It follows that  ⬃ 公t. Because each elemental process is
diffusive, the variance of the total should be 2 ⬃ t—also
diffusive. In this interpretation, the enhanced diffusion observed
in our first system reflects contributions from those Gaussians
with large variances. Physically, each Gaussian connects to a
certain level of force on the particle as a consequence of the
central limit theorem, and the weightings reflect Boltzmann
distributions of those states (1). Observed in the laboratory
frame, as we have done in this experimental study, diffusion is
then the superposition of a packet of diffusive processes.
These arguments are similar in spirit to notions about distributions of dynamic activity in supercooled liquids (24, 25). For
this picture to be consistent, dynamic heterogeneity must flip
very fast in our systems. On the one hand, this is supported by
the observations of Fickian diffusion, no significant velocity
autocorrelation on the experimental time scales, and exchange
and persistence time distributions that are nearly the same. This
contrasts with glasses, where correlations of heterogeneity are
long lived, finally leading to bistability of trajectories (26) and
spatial distribution of fast and slow populations (27). On the
other hand, there are difficulties. It is not clear how to justify the
assumption of independent Gaussian processes when they are
highly entangled nor that variances are related to one another in
this assumed way. Also, one must establish explicitly the connection between environmental fluctuations and dynamic heterogeneity in trajectory space.
The data presented in this article raise fundamental questions
concerning what is the statistical nature of the diffusive process
when the physical situation is such that the assumption of
Einstein’s classic derivation of Brownian motion are not satisfied. It is our hope that this experimental study will call renewed
theoretical and experimental attention to the problem of random
walks under conditions where the environment fluctuates on
similar time scales as the random walk itself. Additional analysis
is in SI Text.
Materials and Methods
The experiments were conducted by imaging the diffusion of tracer submicron-sized particles by using epifluorescence microscopy and quantifying their
trajectories by using single-particle tracking. The preparation of tubular lipid
vesicles and the assembly of F-actin filaments followed standard protocols.
Details can be found in SI Text.
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