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Single-particle tracking was used to measure the diffusion in aqueous suspension of dilute colloidal
clusters, 2–9 �m in size, fabricated by joining 1.57 �m spheres into planar arrangements of
various particle numbers and symmetries �doublet, trimer, square, pentamer, hexamer, and so forth�.
They were allowed to sediment close to a glass surface and their Brownian motion parallel to the
surface, effectively in a two dimensional �2D� geometry, was imaged in a microscope in the
presence of 3 mM monovalent salt to essentially screen electrostatic interactions. Geometric
asymmetry produced systematically increasing discrepancy between the equivalent hydrodynamic
radius of translation and rotation—tabulated in this paper. Our observations include cases where the
effective hydrodynamic radius changes more rapidly for translation than rotation, the converse, and
also cases where the effective hydrodynamic radius for translation changes significantly, while
that of rotation is effectively constant. The significance is to document the connection between
translational and rotational 2D mobilities for geometrical shapes not described by the
Stokes–Einstein–Debye equations for spherical particles. © 2008 American Institute of Physics.
�DOI: 10.1063/1.3043443�

I. INTRODUCTION

This paper, which capitalizes on recently developed im-
aging techniques in video microscopy, concerns direct obser-
vation of the Brownian motion of colloidal-sized particles at
the single-particle level. Such particles are interesting due to
their ubiquity in nature and technology and also their capac-
ity to be imaged in a microscope while retaining key features
of particles that are even smaller. On the technological side,
colloids have found applications ranging from common ma-
terials such as paints and ceramics to advanced materials
such as photonic crystals1 and chemical sensors.2 On the
academic side, their capacity to be imaged has led to their
employment as model systems in which to study generic
physical problems such as crystal growth and structure,3 the
dynamics of glassy states,4 and grain boundary formation in
crystals.5 In recent years, study has branched out from analy-
sis of uniform spherical particles to colloids with more com-
plicated geometry, including rods, disks, ellipsoids, and
chemically heterogeneous particles.6–8 The significantly
more complex hydrodynamic interactions of such systems
lead one, on physical grounds, to expect large differences
when comparing these systems to more conventional ones
based on uniform spheres. To understand this would be per-
tinent to understanding flow, gelation, and jamming of these
materials. However, to date, fabrication has been primarily
limited to structures of high symmetry �rod or disklike�, thus
missing the wealth of shapes present in nature.

Here we report the translational and rotational dynamics
of a family of particles based on silica spheres welded to-
gether into planar clusters, with significant variation both in

the number of spheres employed and the overall symmetry of
the clusters. Taking this approach, we examine systemati-
cally the relative influence of cluster size and configuration
upon the translational and rotational mobilities of colloidal
particles when they undergo effectively two dimensional
�2D� diffusion.

The significance is to document the connection between
translational and rotational mobilities for geometrical shapes
not described by the Stokes–Einstein–Debye equations for
spherical particles. It is common practice to regard non-
spherical particles in terms of their equivalent hydrodynamic
radius, the size of a sphere that would display similar dy-
namical behavior. Here, we show that cluster asymmetry
causes systematic differences between the equivalent hydro-
dynamic radius for rotation and translation. Therefore, while
translational diffusion is frequently a more accessible value
than rotational diffusion, without knowing and understanding
the geometry of a particle, it is not possible to determine the
rotational diffusion from the translational diffusion.

II. EXPERIMENTAL SECTION

A. Samples

The clusters were fabricated by spreading a droplet of
aqueous solution of 1.57 �m diameter colloidal silica par-
ticles �0.5% solid, Duke Scientific 8150� onto a microscope
slide treated with piranha solution. Subsequent evaporation
left a dispersed submonolayer of particles, with randomly
distributed clusters ranging in typical size from two to nine
colloids. During evaporation, the slide was manually tilted in
such a fashion that the contact line moved across slide to
avoid the “coffee ring” effect.9 Electron beam deposition of a
thin �30 nm� layer of SiO2 bonded the spheres together.8 Thea�Electronic mail: sgranick@uiuc.edu.
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large variety of structures generated using this fabrication
method were planar; their microscopic images are shown in
Fig. 1. A key point is that as the bonding layer of SiO2 had
the same chemical makeup as the parent silica particles, the
resulting clusters were essentially homogeneous chemically.

The clusters were dispersed in a 3 mM KNO3 aqueous
solution such that the Debye length was screened to be neg-
ligible �5 nm� relative to the cluster size. Due to their density
mismatch �1 g cm−3�, the clusters sedimented toward the
bottom microscope slide, resulting in a Boltzmann distribu-
tion of elevation from the bottom. The gravitational scale
height, which to a first approximation gives the average dis-
tance between the cluster and the bottom wall, was computed
for each cluster and is plotted in Fig. 2 �together with the
anticipated wall effect on translational diffusion, discussed
below�. The effects of entropic depletion of the clusters from
the bottom wall, for all geometries other than the sphere,
were not included in this or the following equations, how-
ever. Gravitational settling confined these structures to the
image plane of the microscope. Further, gravitational settling
against the bottom wall also limited the orientation of the
clusters and confined the translation and rotation of the clus-
ters to quasi-2D. Trivially, the cluster exhibiting the greatest
deviation from 2D is cluster a, as it contains only two par-
ticles and experiences the least gravitational settling. Math-
ematically, for these purposes this cluster can be equivalently
treated as an infinitely thin rod with length equal to the par-
ticle diameter, and the same mass as the cluster. The angles
that the rod can sample are therefore limited based on the
height of the center of the rod from the wall,

� � arcsin� y

r
� , �1�

where � is the angle of the cluster with respect to the 2D
plane, y is the height of the center of the rod from the wall,

and r is the radius of the particle. Integrating the possible
states with the probability distribution of heights above the
wall, the probability that the angle which the axis of the
cluster forms with the 2D plane is greater than � and is given
by

P��� = e−r sin���/h − sin���e−r/h −
r sin���

h
�

r sin���

r e−y/h

y
dy ,

�2�

where h is the gravitational scale height. As can be seen in
Fig. 3, the cluster deviates from 2D by more than 25° less

FIG. 1. �Color online� Examples of the microscopic shapes whose diffusion
was studied; these images were taken in situ using differential interference
contrast microscopy as described in the text. The elementary particle diam-
eter is the same in each image, 1.57 �m, and the scale varies between
images.

FIG. 2. �Color online� Left ordinate: the gravitational scale height computed
from the Boltzmann distribution giving the average distance from the bot-
tom wall vs the number of particles in the cluster. As the number of elemen-
tal particles and hence mass of the cluster increases, the expected mean
separation of the bottom of the cluster from the wall decreases �squares�.
Right ordinate: the computed ratio between near-surface translational diffu-
sion and translational diffusion in the bulk, for spheres described by Eq. �5�
�circles�.

FIG. 3. Probability of deviation from the planar configuration was consid-
ered for the lightest anisotropic cluster, a two-sphere dumbell, in order to
inspect the extent to which the systems studied in this paper can be consid-
ered as quasi-2D. The plot shows the fractional time that the axis of the
dumbell deviates from the 2D plane by at least the angle specified in the
abscissa. For this worst-case cluster, the deviation exceeds 25° less than 1%
of the time.
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than 1% of the time. Therefore, 99% of the time, the com-
ponent of the cluster parallel to the 2D imaging plane is at
least 95% of the value it would have if it were truly 2D.
Therefore, even for the least 2D case we observe, quasi-2D
analysis is appropriate, although undoubtedly this is partially
responsible for the comparatively larger error bars for our
measurements of diffusion for the clusters of two and three
particles.

B. Microscopy

The mobility of the clusters was observed with white
light illumination in a Zeiss Axiovert 200 inverted micro-
scope configured in differential interference contrast mode. A
63� objective was employed, followed by 1.6� postmagni-
fication. Time-sequence movies of translational and angular
positions were recorded using a back-illuminated electron-
multiplying charge coupled device camera �Andor iXON DV
897-BV�, with an exposure time of 60 ms/frame. The inter-
cluster separation was kept large, large enough that the in-
fluence of neighboring clusters was negligible.

Trajectories were analyzed using image analysis soft-
ware developed in this laboratory and described elsewhere.10

Translation and rotation about the center of mass of each
cluster were computed from inspecting the trajectories of its
spherical elements.

III. RESULTS AND DISCUSSION

A. Examples of raw data

The raw data consisted essentially of mean-squared dis-
placements, both angular displacement around the center of
mass of the cluster and translational displacement of the cen-
ter of mass of the cluster. Regardless of cluster size and
shape, both of these invariably gave trajectory characteristic
of simple Fickian diffusion, as illustrated in Fig. 4�a�. From
this, the translational diffusion coefficient was readily com-
puted using the following relation appropriate for diffusion
in a plane:

MSDt��t� = 4Dt�t . �3�

Here, MSDt is the translational mean-squared displacement
of the center of mass, Dt is the translational diffusion coef-
ficient, and �t is the time elapsed. Similarly, by compensat-
ing for the looped nature of angle ��� by allowing the angle
to vary freely �values �0 or �360°�, rotation about the cen-
ter of mass follows the equivalent relation

MSD���t� = 2D��t , �4�

where MSD� is the rotational mean-squared displacement of
the center of mass, D� is the rotational diffusion coefficient,
�t is the time elapsed, and the constant of proportionality is
reduced to 2 since just a single degree of freedom comes into
play. We now make a parenthetical technical comment. The
application of Eq. �4� is limited to the special case where the
rotation is 2D or quasi-2D as we have here; for the case of
three dimensional diffusion, the angle � cannot be considered
independently of the angle �.

Examination of the displacement probability distribution
revealed that both translational and rotational displacements

were Gaussian, as should be the case for Brownian motion,
as illustrated in Figs. 4�b� and 4�c�. It is true that ellipsoidal
particles were recently shown to display deviations from this
relation.6 Discrepancies of that kind were not observed here,
partly because the aspect ratio of the present particles was
smaller and partly because the present distributions were av-
eraged over all orientations.

For perspective, it has long been known for dilute
spheres in the bulk that the translational diffusion constant is
given by the Stokes–Einstein relation,

Dt0 =
kBT

6	
r
, �5�

and the rotational diffusion constant is given by the Debye–
Stokes–Einstein relation,

Dr0 =
kBT

8	
r3 , �6�

where T is the temperature, 
 is the viscosity of the medium,
and r is the radius of the sphere.

FIG. 4. �Color online� Examples of raw dynamic data. �a� Mean-squared
translational displacement �squares� and rotational displacement �circles�
plotted against time for a linear cluster of four particles �Fig. 1�d��. Lines
through the data are linear regressions. �b� Distribution of step size of trans-
lational displacement �known as the van Hove distribution�, plotted here
regarding the time interval of 60 ms. �c� Distribution of step size of rota-
tional displacement, plotted regarding the time interval of 60 ms. Lines
through the data in �b� and �c� are fits to the Gaussian distribution expected
for Fickian motion.
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B. Influence of the nearby wall

The presence of a nearby solid wall retards translational
diffusion. For a sphere, it has long been known that diffusiv-
ity parallel to the wall �Dt� relative to unbounded bulk dif-
fusion �Dt0� is given by

Dt

Dt0
= 1 −

9

16

r

z
+

1

8
� r

z
�3

−
45

256
� r

z
�4

−
1

16
� r

z
�5

, �7�

where r is the radius of the sphere and z is the separation of
the center of the sphere from the wall.11,12 Thus, for a sphere,
the translational diffusion coefficient diminishes by at most
2/3.

C. Clusters

As a qualitative guide of what to expect in the way of
translational diffusion, the component particles can be con-
sidered as independent. Their translational diffusivity is then
reduced as if for a single sphere but their separation from the
wall follows the Boltzmann distribution expected from grav-
ity and hence depends on mass of the entire cluster. The
expected reduction in translational diffusivity then depends
on the mass of the cluster. For particles of the size studied in
this paper, it falls from 55% of the bulk value, for a single
sphere, to 36% of the bulk value, for clusters of nine par-
ticles. For each of the particle sizes that were studied, Fig. 2
shows this computation.

When considering rotation, wall effects are inherently
weaker. For spheres, the lowest-order solution based on solv-
ing the Langevin equation can be shown to be

Dr

Dr0
= 1 −

1

8
� r

z
�3

, �8�

where r is the radius of the sphere and z is the separation of
the center of the sphere from the wall.13 For the range of
mean wall separations shown in Fig. 1, this leads to expect-
ing rotation to be slowed from 94% to 89% of the bulk value.
Going beyond the spherical approximation, it is not clear
what to expect, as the axis of rotation for a sphere lies
through the sphere’s closest point of approach to the wall,
but the same does not hold for a cluster. Fortunately, the
influence on rotation is weaker to begin with, and thus given
the large changes we observed in Dr, unlikely to be the
dominant factor. At the same time, we cannot discount the
possibility that some of the trends reported below might in-
clude contributions from the presence of the nearby wall.

D. Clusters of different size and shape

For the clusters depicted in Fig. 1, their translational and
rotational diffusion coefficients are summarized in Table I.

Seeking to generalize, we offer some qualitative obser-
vations. First, Fig. 5 shows the addition, one sphere at a time,
of spheres to a central sphere. Eventually this forms a filled
hexagon, six spheres in a hexagon around the original
sphere; the intermediate stages of filling are also shown. To
add a second sphere causes the rotational diffusion to drop
quite dramatically to less than a quarter of its original value,
while the drop in translational diffusion is much less

TABLE I. Tabulated translational and rotational diffusion coefficients �Dt and Dr, respectively� for the shapes depicted in Figs. 1 and 6�a�. The uncertainty
�“Unc”� column is the standard deviation from fits of the mean-squared displacement to time elapsed. For each shape, the inertial radius of gyration �Rg� in
units of micrometers was determined. There was a strong inverse correlation �0.97� between the radius of gyration and the rotational diffusion coefficient.
However, the radius of gyration fails to capture the full picture, since at low Reynolds numbers, inertia is not the proper representation of hydrodynamic
interaction. The aspect ratio, here chosen to be the maximum ratio of one axis to the axis orthogonal to it within the plane, was also determined, but was not
found to strongly correlate with diffusion constants.

No. of particles
Dt

��m2 /s� �Unc�
Dr

�deg2 /s� �Unc� Dr /Dt �Unc� Rg Aspect ratio Shape Shown at

1 0.165 1099 6644 0.5 1.0 Point
2 0.111 0.013 251 38 2300 610 0.9 2.0 Linear a
3 0.082 0.004 99 3 1200 100 1.4 3.0 Linear b
3 0.085 0.008 189 21 2200 400 1.0 1.1 Triangle c
4 0.062 0.001 43 2 710 50 1.8 4.0 Linear d
4 0.070 0.004 121 14 1700 300 1.2 1.4 Diamond e
4 0.072 0.003 118 10 1600 200 1.2 1.0 Square f
4 0.067 0.004 83 9 1200 200 1.4 1.6 g
4 0.072 0.001 87 2 1200 100 1.4 1.4 T-shape h
5 0.055 0.004 71 6 1300 200 1.4 1.6 Trapezoid i
5 0.064 0.001 62 3 970 50 1.6 1.9 j
5 0.053 0.003 51 2 960 90 1.7 1.3 k
5 0.062 0.009 79 4 1300 300 1.5 1.4 Bowtie l
6 0.057 0.001 45 2 800 50 1.7 1.8 m
6 0.052 0.001 50 3 960 90 1.6 1.9 Parallelogram n
6 0.050 0.004 61 7 1200 200 1.5 1.1 o
6 0.050 0.002 44 3 870 90 1.8 2.1 p
6 0.054 0.004 45 3 840 120 1.5 1.1 Triangle q
7 0.045 0.001 59 3 1300 100 1.5 1.1 Hexagon r
8 0.039 0.001 29 2 740 80 2.0 2.4 Parallelogram s
9 0.036 0.001 31 3 860 90 1.9 1.5 Diamond t
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pronounced, remaining at 2/3 of its original value. To add the
next three particles to the cluster continues to widen the ratio
between rotational and translational diffusions, yet the rota-
tional diffusion coefficient ceases to drop so precipitously,
decreasing by a slightly lesser fraction in these three steps
combined than in the first step. Clearly, translation and rota-
tion diffusion coefficients do not change in step with one
another.

Most interesting of all is the contrasting influence, on
rotation and translation, of adding the final two particles. The
rotational diffusion coefficient remains the same within ex-
perimental uncertainty, indicating nearly the same hydrody-
namic radius for rotation, probably because the average dis-
tance of the outer spheres from the center of mass of the
cluster is nearly unchanged. But translational mobility de-
creases, each accreted sphere increasing the minimum cross
section of the cluster. This explains why, upon adding the
final particle, the ratio Dr /Dt, which, previously decreased,
now increases: the higher effective hydrodynamic radius for
translation is no longer accompanied by higher hydrody-
namic radius for rotation. Our observations thus include
cases where the effective hydrodynamic radius changes more
rapidly for translation than rotation, the converse, and also
the cases where the effective hydrodynamic radius for trans-
lation changes significantly, while that of rotation is effec-
tively constant.

Figure 6�a� summarizes the consequence of changing in-
dependently the size of the cluster and its symmetry. Note
the mirror symmetry of this table across the diagonal axis
from the upper left to the lower right. Along this diagonal,
the number of spheres in the cluster increases; the shapes are
parallelograms whose aspect ratio differs. Moving from this
diagonal midline signifies primarily that the number of
spheres is the same but the shape is increasingly extended.
Representative slices along each axis are summarized in

Figs. 6�b� and 6�c�. Seeking to generalize, we observe that
upon increasing the cluster size while maintaining a rela-
tively consistent shape, both Dr and Dt decrease smoothly, as
does their ratio Dr /Dt. The same qualitative trend holds
when maintaining the same number of particles in the cluster
and extending the cluster geometry.

The significance of this work, beyond the quantitative
data summarized in Table I, is to validate a new experimental
platform in which to explore the connections between rota-
tional and translational diffusions at the single-particle level
for geometrical shapes not described by the Stokes–Einstein–
Debye equations for spherical particles. In future work, it
will be interesting to extend this approach to crowded situa-
tions where hydrodynamic interactions between clusters
come into play.

FIG. 5. �Color online� Translational diffusion coefficient Dt �squares� and
rotational diffusion coefficient Dr �circles� are shown for a series of clusters
in which spheres are sequentially added to a central sphere until six have
been added to form a hexagon. One observes that whereas Dt decreases
smoothly and nearly exponentially, Dr displays three distinct zones: Precipi-
tous drop upon adding the first sphere, steady decline as the next three
spheres are added, then plateau for the final two spheres. As a result,
changes in the effective hydrodynamic radius for translation and rotation are
significantly decoupled.

FIG. 6. �Color online� Data presented in a fashion to display semi-
independently the consequences of changing the number of spheres in the
cluster and its shape. �a�: Along the downward-sloping diagonal, the cluster
grows in size with minimal change in shape, as denoted by a line. The image
is symmetric across this axis. Leaving this diagonal, the number of spheres
in the cluster is constant but the conformation is increasingly extended, as
denoted by the upward-sloping line. Data for all of these cases, except for
the semitransparent ones, are tabulated in Table I. �b�: Following a path
parallel to the diagonal in �a�, the ratio Dr /Dt decreases. �c�: Following a
path perpendicular to the diagonal in �a�, the ratio Dr /Dt decreases. �b� and
�c� are presented as to summarize qualitative trends evident from close
inspection of situations tabulated in Table I.
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